Given a connected graph G and two vertices u and v in V (G), I G [u, v] denotes the closed interval consisting of u, v and all vertices lying on some S of G is called a forcing subset for S if S is the unique maximum convex set containing T . The forcing convexity number f con(S) of a maximum convex set S, is the minimum cardinality of a forcing subset for S. The forcing convexity number f con(G) of G is the smallest f con(S) among all maximum convex sets S of G. In this paper, we characterize the forcing subsets in the join and composition of graphs and determine their forcing convexity numbers.
Introduction
Given a connected graph G and two vertices u and v in V (G), the distance [u, v] . A subset C of V (G) is convex if I G [u, v] ⊆ C for every pair of vertices u, v ∈ C . The convexity number con(G) of G is the maximum cardinality of a proper convex set of G. A convex set S of G with |S| = con(G) is called a maximum convex set of G. A subset T of a maximum convex set S of G is called a forcing subset for S if S is the unique maximum convex set containing T . The forcing convexity number f con(S) of a maximum convex set S, is the minimum cardinality of a forcing subset for S. The forcing convexity number f con(G) of G is the smallest f con(S) among all maximum convex sets S of G. The concepts of convex set and forcing convex set are defined and studied in [1, 2, 3, 4, 5, 6] . Now, a clique of a graph is any complete subgraph of G. The clique number ω(G) of G is the order of a maximum clique of G. A subset S of V (K r ) is a forcing c-subset of the maximum clique K r if K r is the only maximum clique of G containing S. The forcing clique number f cn(K r ) of K r is the minimum cardinality of a forcing c-subset for K r . The forcing clique number f cn(G) of G is the smallest forcing clique number f cn(K r ), where K r ranges of all maximum cliques of G.
A vertex v of a connected graph G is an extreme or complete vertex if N G (v) = {x ∈ V (G) : xv ∈ E(G) induces a complete graph. The set of all extreme vertices of G will be denoted by Ext(G).
Forcing Convexity Number of the Join of Graphs
The first result is found in [3] .
and S is a maximum convex subset of G.
Then S is a complete graph, by Theorem 2.1. Since G is non-complete, S = V (G). Now, let S be a maximum convex set of G. Again by Theorem 2.1,
where S is a maximum convex subset of G. The converse also follows from Theorem 2.1.
, is a forcing subset of a maximum convex set C of G + K n if and only if R 1 is a forcing subset of some maximum convex set of G.
Proof : Suppose R = R 1 ∪ R 2 is a forcing subset of some maximum convex set
If S is a unique maximum convex set of G, then every subset of S is forcing subset. Thus, R 1 is a forcing subset of S. So suppose that S is not the only maximum convex set in G. Suppose further that
. This contradicts our assumption that R is a forcing subset of C. Therefore, R 1 = ∅. Next, suppose R 1 is not a forcing subset of S. Then there exists a maximum convex set S * = S such that R 1 ⊆ S * . Consequently, there exists a maximum convex set C * = S * ∪ V (K n ) with R ⊆ C * . This is not possible because R is a forcing subset of C. Thus, R 1 is a forcing subset of S. Conversely, suppose R 1 is a forcing subset of S, where S is a maximum convex set of G. Then R 1 is not contained in any other maximum convex set of G. It follows that R = R 1 ∪ R 2 is contained only in the maximum convex set (G) . By using similar argument and Theorem 2.3, it can be shown that
Corollary 2.4 Let G be a connected non-complete graph. Then f con(G
+ K n ) = f con(G). Proof : Let S be a maximum convex set of G such that f con(G) = f con(S). Let R 1 be a forcing subset of S with f con(S) = |R 1 |. By Theorem 2.3, R 1 is a forcing subset of C = S ∪ V (K n ). It follows that f con(G + K n ) ≤ f con(C) ≤ |R 1 | = f conf con(G) ≤ f con(G + K n ). Therefore, f con(G + K n ) = f con(G).
Corollary 2.5 Let G be a connected non-complete graph. Then
(a) f con(G + K n ) = 0 if and only if G has a unique maximum convex set.
Corollary 2.6 Let n be a positive integers. Then
(a) f con(P m + K n ) = 1, for m ≥ 2. (a) f con(C m + K n ) = 2, for m ≥ 4.
Remark 2.7 Let G be a graph. Then f cn(G) = 0 if and only if G has a unique maximum clique. If the maximum convex sets of G induces cliques of G, then f con(K
r ) = f cn(K r ) for every maximum clique K r of G; hence, f con(G) = f cn(G).
Theorem 2.8 [3] Let G and H be non-complete graphs. Then a proper subset C = S ∪ R of V (G + H), where S ⊆ V (G) and R ⊆ V (H), is an convex set in G + H if and only if S and R induce complete subgraphs of G and H, respectively, where it may occur that
S = ∅ or R = ∅.
Theorem 2.9 If G and H are non-complete graphs, then f con(G + H) = f cn(G) + f cn(H).
Proof : Let C be a maximum convex set of G + H with f con(G + H) = f con(C). By Theorem 2.8, C = S ∪ R, where S and R are maximum cliques of G and H, respectively. Let K be a forcing subset of C such that f con(G + H) = f con(C) = |K|. Let K = P ∪ Q, where P ⊆ S and Q ⊆ R. If P ⊆ S , where S is a maximum clique of G and S = S, then S ∪ R is a maximum convex set of G + H by Theorem 2.8 and K ⊆ S ∪ R. This is impossible because K is a forcing subset of C. Hence, P is a forcing subset for S . Similarly, Q is a forcing subset for R . Therefore, f con( (H) . Now, let S 1 and R 1 induce maximum cliques of G and H, respectively. Further let P 1 and Q 1 be a forcing subsets of S 1 and R 1 , respectively, with f cn(
The next result follows immediately from the above theorem. 
Forcing Convexity Number of the Composition of Graphs
The composition G[H] of two graphs G and H is the graph with H] ). The G-projection and H-projection of C are defined to be the sets C G = {u ∈ V (G) : (u, v) ∈ C f or some v ∈ V (H)} and C H = {v ∈ V (H) : (u, v) ∈ C f or some u ∈ V (G)}, respectively. ((a, x) ) is complete.
Proof : The assertion is clear for |V (G)| ≤ 2 and n ≤ 2. So assume that |V (G)| ≥ 3 and n ≥ 3. Suppose N G (a) is complete in G and let
Hence, by definition, ab ∈ E(G) or a = b and ac ∈ E(G) or a = c. Now,  if a = b or a = c, then d(b, c) ≤ d(b, a) + d(a, c) ≤ 1. On the other hand,  if ab, ac ∈ E(G) (b = c), the completeness of N G (a) implies that bc ∈ E(G),  that is d(b, c) = 1. It follows that (b, y) and (c, z) 
, by assumption. Thus, by assumption, bc ∈ E(G). It follows that N G (a) is complete.
The next result follows from Theorem 3.1 and Lemma 3.2.
Theorem 3.3 If G is a connected graph containing an extreme vertex, then
f con (G [K n ]) = n |Ext(G)| − 1.
Theorem 3.4 [1] Let G be a connected graph with no extreme vertices. A subset C of V (G [K n ]) is a maximum convex set of G [K n ] if and only if
C = S × V (K n ) for some maximum convex set S of G.
Lemma 3.5 Let G be a connected graph of order m ≥ 4 with no extreme vertex, and C a maximum convex set of G [K n ]. Then Q ⊆ C is a forcing subset of C if and only if Q G is a forcing subset of C G .
Proof : Suppose Q ⊆ C is a forcing subset of C. By Theorem 3.4, C = C G × V (K n ). Suppose further that Q G is not a forcing subset of C G . Then there exists a maximum convex set S = C G such that Q G ⊆ S. It follows that Q is contained in the maximum convex set S × V (K n ). This contradicts the assumption that Q is a forcing subset of C. Therefore, Q G is a forcing subset of C G . Assume that Q G is a forcing subset of C G . Then there exists no maximum convex set S = C G such that Q G ⊆ S. Hence, C = C G × V (K n ) is the only maximum convex set in G [K n ] containing Q. Therefore,Q is a forcing subset of C. 
Since Q is a minimum forcing subset of C, |Q * | = |Q G | = |Q|. Now, suppose that Q G is not a minimum forcing subset of C G . Then there exists R ⊆ C G such that R is a forcing subset of C G and |R| < |Q G |. Let x ∈ V (K n ). Then R × {x} is a forcing subset of C G × V (K n ) = C, by Lemma 3.5 . Moreover, |R × {x}| = |R| < |Q G | = |Q|. This contradicts the minimality of Q. Therefore, Q G is a minimum forcing subset of C G .
Conversely, suppose Q G is a minimum forcing subset of C G and |Q| = |Q G |. By Lemma 3.5, Q is a forcing subset of C = C G × V (K n ). Suppose Q is not a minimum forcing subset of C. Then there exists Q * ⊆ C such that f con(C) = |Q * | < |Q|. Hence, Q * G is a forcing subset of C G and |Q * | = |Q * G |. It follows that |Q * G | < |Q G |, contrary to our assumption that Q G is a minimum forcing subset of C G . Therefore, Q is a minimum forcing subset of C.
Theorem 3.7 Let G be a connected graph with no extreme vertex. Then f con (G [K n ]) = f con(G).
Proof : Let C be a maximum convex set of
and let Q be a forcing subset of C such that f con(C) = |Q|. Then Q G is a minimum forcing subset of C G and, by Theorem 3.6, f con
On the other hand, if S is a maximum convex set of G [K n ] such that f con(G) = f con(S) and R is a minimum forcing subset of S such that f con(S) = |R|, 
Theorem 3.10 [4] Let G and H be graphs. A subset C of V (G[H]) is a maximum clique of G[H] if and only if C = ∪ s∈S ({s} × T s ), where S is a maximum clique of G and T s is a maximum clique of H for every s ∈ S. In particular, ω(G[H]) = ω(G)ω(H).

Theorem 3.11 Let G be a connected graph of order n > 1 and H a connected non-complete graph. Then f con (G [H]) ≤ ω(G)f cn(H).
Proof : Let S and T be maximum cliques of G and H, respectively, such 
Since (x, y) / ∈ {p} × T p for all p ∈ S {x}, it follows that (x, y) / ∈ C * , contrary to the fact that Q ⊆ C * . Therefore, V ⊆ T x . This is not possible because V is a minimum forcing subset of T . Hence, C is the only maximum clique in
Forcing Convexity Number of the Cartesian Product of Graphs
The cartesian product G × H of two graphs G and H is the graph with
and only if either uv ∈ E(G) and u = v or u = v and u v ∈ E(H).
As in the preceding section, if C ⊆ V (G × H), then the G-projection and H-projection of C are, respectively, the sets
The next two results are found in [3] . 
Theorem 4.3 Let G and H be connected graphs of orders n and m, respectively, for which ncon(H) = mcon(G). Then
f con(G × H) = f con(H), if con(G × H) = n.con(H) f con(G), if con(G × H) = m.con(G) Proof : Suppose con(G × H) = n.
con(H). Then n.con(H) > m.con(G).
Let Ω 1 = {f con(C) : C is a maximum convex set of G × H} and Ω 2 = {f con(S) : S is a maximum convex set of H}. Let C be a maximum convex set in G × H.
where S 1 is a maximum convex set of H, by Theorem 4.1. Let T be a minimum forcing subset of S 1 . Then |T | = f con(S 1 ) and S 1 is the unique maximum convex set of H containing T . Now, let v ∈ V (G) and
This is impossible because S 1 the only maximum convex set of H containing T . Therefore, C is the unique maximum convex set of G × H containing T v . In other words, T v is a forcing subset of C. We shall now show that T v is a minimum forcing subset of C. To this end, let U be a forcing subset of C. Then the H-projection U H of U is contained in S 1 . Suppose U H is not a forcing subset of S 1 . Then U H ⊆ S 3 , where S 3 is a maximum convex set of H with S 3 = S 1 . Let C * = V (G) × S 3 . Then C * is a maximum convex set of G × H by Theorem 4.1. Since U G ⊆ V (G), it follows that U ⊆ C * . This contradicts the fact that C is the unique maximum convex set containing U . Therefore, U H is a forcing subset of S 1 . Hence, |T v | = |T 1 | = f con(S 1 ; H) ≤ |U H | ≤ |U |. Since U was arbitrarily chosen, it follows that T v is a minimum forcing subset of C. Therefore, f con(C) = |T v | = f con(S 1 ). This implies that the set Ω 1 ⊆ Ω 2 ; hence, f con(H) ≤ f con(G × H).
On the other hand, if S is a maximum convex set of H, then C S = V (G) × S is a maximum convex set in G × H by Theorem 4.1. By the arguments used above, f con(C S ) = f con(S). This shows that Ω 2 ⊆ Ω 1 ; hence, f con(H) ≥ f con(G × H).
Accordingly,f con(G × H) = f con(H).
The other case is proved in a similar manner.
The next result follows from Theorem 4.1 and Theorem 4.3. It generalizes a result of Chartrand and Zhang in [6] . 
